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f ∈ Σ[0,1](β, Lf,β )
¥
0 < β ≤ 1
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|f(x) − f(u)| ≤ Lf,β |x− u|
β ∀x, u ∈ [0, 1] .
§}3
O&PT¤xprf<a¡jmwbT(ieT"w7T"a¡ckjsSucepri




















































x ∈ [0, h)
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x ∈ [0, h)
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Kh(x, u) du = 0 ∀x ∈ [0, 1] .
O3










|t|β |ϕ(t)| dt , ϕ ∈ C 0([−1, 1]) ,
yr3
Cβ(K,K








ϕ : R → R
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f̂N(Xi) ≥ Yi , i = 1, . . . , N ,
 9$|53








αi 1{(j − 1)/mh ≤ Xi < j/mh} ≤ Cαh , j = 1, . . . ,mh ,
f9PdW3





























DTα ≤ Cαh1mh ,
;r53











X0 , 0, XN+1 , 1,
GK}3
1N , (1, 1, . . . , 1)
T ∈ RN
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D , ‖1{(j − 1)/mh ≤ Xi < j/mh}‖i=1,...,N ; j=1,...,mh
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0 < fmin ≤ f(x) ≤ fmax <∞
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x ∈ [0, 1]
¥
Q b
|f(x) − f(y)| ≤ Lf,β |x− y|
β ¥`pLiuKs x, y ∈ [0, 1] ¥jckP Lf,β <∞
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K : R → [0,∞)
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f̂N (x) dx −
N∑
i=1
αi ≤ 4Cα(gmax − 1)Kmaxh .
Grr3
¯  b56   #7  W 
82   w^W   :9,	       ;. %^W    

  <. =>%T* j)%^  r^?
 : b   _>%T	   V  8*A / >P  ? 2	)%^w / %:@%T  i 5ACB*D$ 
¯  b5FE 9"XHGqP . 

 Pw)%^   )%^X   
e_	,2 ? 	P
82Y=H5   5    ? 7 	5  
 
K(·) %^<C 0/ 
     / >P+
  I4V)%^  Kmax , max |K(t)|     g(x) > 0 ∀x ∈ [0, 1] J%    
 ? X     W

82YP  H  
¯   KEL
 r   NMOY  P
Q<R
QB AS   9,=HW    f̂N ?  5T    ? 2U9VW<X ,RYZB$        







' %T  S)%^ =Hr w
      
82Q    N4 = N4(ω)   %q)%^$     2 N ≥ N4 >%T9  aI%J   W    &   *)%^XHW    f̂N   P*)%^w   













O       
	Ww 
¯  b5  M=b@A  ?        >%T   C      9"XHO<  	
 2x     ,R J     X / %J
e / %J
82 r j)%^    ?    A  W A  GC  W >%T	    5>PW> C< ,R C#"$   *T       
 K     >%    T2AT   K    W   &  	i#%[      Xi  i = 1, . . . , N 4 
.x  
  ? X & #/ %       b)%^       . )% )%^ W     O
(
(h logN/N)1/2
) ?  . A  >%T+   
Wb
~P o ((h logN/N)1/2)  n   5X   	r n)%^XWH9  aI%J A      @    f̂N   / > ? 2+9,XH& 
àcuKvRv4T"uriea¤ckPuKccePRTïT"a¡ckjsSUuKckpLi
f̂N
¢<T"jf ckPTïakprsgbckjsprf cep cePRT pLvbckjsSUj>ucejpLf vRiepr¢RsT(S  9"}r3 
f9CO53
pri
























fpKckTckPuKcckPRT­uK¢4prTwbT>akx(ikjs¢4T"wUT"a¡ckjsSucepri ;|53D¥ 9-y53 $Gr532Su$_¢4TceikT>uceT"wura2ckPRT­uKvRvRiep bjSuKckjsprf












 ¯`³  ¯   9,V)%^Y ?   PYH     [A   &   :MOM v   
,R
QB %   
 s  q   )%^	   TA	  Cα > 6fmax        x











' %T  HW   S$ ,R Y*BI %^P_)%^S   

  ,.  Z/ 2    7 &   T04








(1 + o(1)) a.s.
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C12(β) , 2Lf,β gmaxCβ(K,K
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αi 1{1− 2h ≤ Xi ≤ 1}
)
§}rOr3
≤ (gmax − 1)Kmax4Cαh .
§}ryr3














































αi 1{1− h ≤ Xi ≤ 1}
)
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αi 1{|x−Xi| ≤ h}
G|5yr3
≤ gmaxL eK′′h









∣∣∣∣ ≤ gmaxL eK′′h
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α̃ = (α̃1 . . . , α̃N )
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fγ(u) du (Kh(x,XN ) −Kh(x, 1)) .
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(f(u) − f(x))Kh(x, u) du
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|u− x|β 1{|x−Xi| ≤ 2h}
gmaxLK
2h2






































































































































fγ(u) du (Kh(x,X1) −Kh(x, 0))
∣∣∣∣∣ ≤ (fmax + γh










j = 1, . . . , N
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i = 1, . . . , N
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L eK , LK′ + LK gmaxKmax , L eK′ , LK′′ + LK′ gmaxKmax .
 9>d53



































   	  
9d
¯  b5  
 2XA5
82 Z/ 9,	X< : 5   W  W W
$   &    30<XI   h   W }	,2WH
    W  )%^b 
l  ?  : PS  YX#I ,R YX*"$ V  :*D I ,R #D    5  9,	 X, ?  Z/ Ar&
e  . >%S^W 	  ν ∈ (1, 2)   W =)%^W
N+1∑
i=1






%T  x)%^w     *)%^w  Y" < i    / 
e /  ? 
l . >%  T    )%^W   &C"  H  x   #/ %J
 2T	W Z/ w>%T . q	,2s    P >%T;  LK′     CX$ &YX*"$ [P . 

 P L eK′     C*D 
 ,. IP	     &  :%^ Z/ s  %   >%T 	     
    >%T ' %^      ' %^WH  . %02 . A7    
 P*   >%T       0/  S)%J     ? 
e32:%T  
  	  	   $  	
f̂N
¯     

 5)%^    &       ' %T     <x    
e   W

 ω ∈ Ω )%^  =Hr     
  
?  N2(ω)   %q)%^W&     2 x ∈ [0, 1]       W

 N ≥ N2(ω)








. )%   W     C4(β) 5T  i  CB ! 
(  ³,³*)³*)o¯      + ,T(c&g<a&ceur rT)gakT­pr¦T(SUSuidurfwj¨cya   prieprssurik_¤jsf/ckiep`wRgxjsfR
δy = Lf,β δ
β











x ∈ [0, 1]
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|f(x) − f(Xik )| ≤ Lf,β |x−Xik |
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f(x) − f̂N (x) ≤ δy + Lf,β δ
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≤ γ + 4Cα(gmax − 1)Kmax1{β = 1} a.s.
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f(x) − f̂N (x)
]
≤ C4(β) <∞ a.s.
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ζN (x, ω)1{ζN (x, ω) > 0} dx
f9"Lr3
≤ C4(β) <∞ a.s.
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Kh(x, t) = h
−1K((x− t)/h) ∀x ∈ (h, 1 − h)
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∀x ∈ [0, h]
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∀x ∈ [1 − h, 1] .
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(x, t) ∈ [0, 1] × R
¥!uKf<w¬cePRTT"a¡ckjsSuckpLi
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x ∈ [0, h]
¥bT)Pu$LT
Kh(x, t) = h






















K̃h(x, u) = h














































x ∈ [0, h]
 Q a¡jsSUjmuKi©vRiep/prSjsrP/c¢<TikT"v<T>uceT"wpLi
x ∈ [1 − h, 1]
 µ jf<uKs_L¥
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Kh(x, t) = h
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x ∈ [0, 1]
¥
K̃h(x, u) = h
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∣∣∣∣ ≤ gmaxL eK′′h
−4  9"}ry3
. %TA
L eK′′ = gmax
[
LK′′ + 3LK′Kmaxgmax + 3LKgmaxK
2
max (1 + 3gmax)
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|∂ K̃h(x, u)/∂x| )
 9PdrdW3




















LK′′ + 3LK′Kmaxgmax + 3LKgmaxK
2
max (1 + 3gmax)
 9-O^9P3
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 f : [0, 1] → R 	A_>%T	P     W MOq  i1    A (Xi)i=1,...,N?    ?  W   ;        r T  5  X &
l . >%[      f(x)/Cf ? 2K       5 Z/    
. %TA Cf   5T   ? 2CB$       X0 = 0    XN+1 = 1 (' %^     i  2    A  W    
CX > 4Cf/fmin
)%^ =Hr 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∀ N ≥ N0
 9-Or~3
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CX = 5fmax/fmin .
 9-O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`(∆k) , 1/mN ≤ CX logN/(2N) , k = 1, . . . ,mN ,
 9-O5O3
PT(ieT)akjs(T)pKvuKikckjckjsprf















AN , {ω : max
i=1,...,N+1












































































P (AcN ) <∞ ,
 9-y5Or3
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1 − x ≤ e−x
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lim inf
N→∞
N1−εδx > 0 .
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N6(ω)
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W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      {(Xik , Yik ) , k = 1, . . . ,mδ}  >%TV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l {(Xi, Yi) , i = 1, . . . , N} x>%T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(k − 1)/mδ ≤ Xik < k/mδ , f(Xik ) − δy ≤ Yik ≤ f(Xik ) .
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[(k − 1)/mδ, k/mδ]
¥






∆k , {(u, v) : (k − 1)/mδ ≤ u ≤ k/mδ , f(u) − δy ≤ v ≤ f(u)} , k = 1, . . . ,mδ .
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P (AcN ) <∞ ,
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e32G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 |x−Xik | ≤ δx   f(Xik ) − δy ≤ Yik ≤ f(Xik) 
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max
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|g(x)| > ḡb .
G^9"3
O&PT(f
g ′(x1) = 0
¥Rurfw priuKf`_
x ∈ [0,∆]
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. %TA o(·)     &   r T    W x 
(  ³,³*)³*)o¯     +
9L tT"SjsfwcePuc©ckPRTa¡T>l/gRT(fx(T¤pKiyuKf<wbprS v<pLjf/cya
(Xi)





¢`_ cePRT(jsi jsfx(ikT>urakTpLiewRT(iejfR< µ gi¡cePRT(ieSUprieTr¥






























































3 − (X −Xj−1)












1{X ∈ [Xj−1, Xj)} (1{|x−X | ≤ 2hN}
GLrd53
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3 − (X −Xj−1)
3 − (Xj −X)
3 = 3(X(Xj +Xj−1) −X
2 −XjXj−1)∆Xj
PjsxyP¤jmafprfbªàfRT(/ucejLT&pri&uKf`_




1{X ∈ [Xj−1, Xj)}
[
(∆Xj)
3 − (X −Xj−1)





























j=1 1{|x−Xj | ≤ 2hN} (∆Xj)
4
































1{X ∈ [Xj−1, Xj)} (1{|x−X | ≤ 2hN−1}
GrL|r3


















































































ψ(SN ) ≥ ψ(aN ) + ψ














2 j¨ceP a > 0 sT"uLw¤cep
















































a.s. ∀N ≥ N1
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1{|x−Xj | ≤ 2hN−1} = O(hN )
GK}rO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 x 
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ζi , 1{|x−Xi| ≤ 2hN−1} − P{|x−Xi| ≤ 2hN−1}
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Eζi = 0 , Eζ
2
i ≤ P{|x−Xi| ≤ 2hN−1} = O(hN−1) .
GL|rr3
O&P`ga"¥`jfpriywbT(iockp¢<pLgRfw¤ckPRT)adcepbxyPura¡ckjmxceT(ieS jf ckPRT­ikjsrP/cPuKfwa¡jmwbTHGL|KW3prfRTZSu$_UurvRvRs_UckPRT
 T"ikfa¡ckT"jf9jsfRT>lLg<uKsj¨cd_v§akT(TL¥FTr s¥<V6!7Y' K ,+-+ "!r4 0 W2%pLi=<*.B+C0 }W2;¥'O&PRT"prieT(S b ~r3jckP ckPRT
a¡ceurfwRuriew ckieT"uKckSUT(f/c`jsu  pLikT"8   uKf/ckT"sjT"SSuv§Tr s¥%uLa
jfK<*.,>"&$ "!$# VW
 0 |-2à¥ Q vRv4T(fwRj '¥
¦T(SUSu|53DO&PjsawbjsieT"xDce__`jT"swRa









/       
	Ww 
 &	
0~92 Q ¢R¢uri"¥$g f9Cy5yLr3 Wf T>adcejSuKckT(gi)akvRsjfT©wbgïxprf/ceprgRi)w gRfRTikh"vuKikckjckjsprf9v4prfxckgRT"sTUuKsh"uª
ceprjsikTL    71  w   W
82P r   T  ¥    Gr3¥$9&9-yR
0 2  &urgb§u$_ba(¥nKuKf<w©tuLakakprf¦¥K nT 9-y5OL|r3 Q fRT(«rT(pLSUTckiejmxowbjmakx(ikjsSUjf<uKf/c2ikgRsTr
         
  W 7   
 2 ¥ E ¥"9>| br
0 W2  jsikLhr¥XouKfw Y uraeakuri¡c>¥n_ 9CyryL|r3Y9jsfRjS©gRS xpLf/ckiyura¡cT"a¡ckjsSucepriya¤prf a¡jsT(LT"a" V     

 >  V     , 	 A   ¥    ±   E 
0 }52  p/akl4¥  ^;KLrr3,,jsfRT"uri!vRiepbxT>akakT"a!jfgRfxckjsprf©akvuLxT"a"$O&PRT(pLik_
uKf<wuKvvRjmx(uKckjsprfa">jf 9"       *    W 7 ¥ %   ¥]`vikjsfRrT"i¡ª2T(iemuK¥`VT"	pLik F
0 |2  pLgxyPuKiyw'¥ ¥ ­jsieuriew'¥ ]Fs¥ Íprgwbjceak `j Q   ­¥ uKf<w VZuK(jsf Q   GKLr3¦jfT"uKi
vikpLriyuKSUSUjfRvRiepr¢RsT(Sa pri ieprf/ckjsT(i T>adcejSucejpLf, ' =%  7

        
 =M    !#"$&%'!('!!!(#!!) *+-,.+/#01 uKfw ' %  7W
2
      =MQV3
 ' !D<BZD 54#6"78:9;1$"6;<:=(>(?"@'A#!6BCCD#EF6CDC'*A4 
0 ~W2  pLgxyPuKiyw'¥¥5­jsiyuKiyw'¥$]'¥ ÍpLgwbjceak /j Q   ­¥Kurfw
VXur(jsf Q   Grrr}3,VXprfRv<uKiyuKSUTceikjmx µ ieprf/ckjsT(i
! adcejSucejpLf¢/_,jsfRT"urinikpLriyuKSUSUjf M     HW  W   G
}           
     f9-3D¥|5Ob~K}
0 dP2  ZT(vikjsfa"¥  ©¥&]`jSuri"¥oouKfw«O¦g LT(fa"¥xg f9CyrOK}3 Y9T>urakgRiejfRï¦ur¢<pLi ! £x(jT"fx_#jsf n%p/adc
p £¤x(T"a"/jsf ' %TVb8   	  A   V  ? 
e7IH   & I4     &*    P   	   ¢`_¤Y#Y uKiyxyPuKfw,¥/n<n%T>adcejT>uKguKfw;g<O¦gRs rT"fa"¥RVprikckPYgXprssurfw T>w'¥ Q SUa¡ckT"iewuKS
0 OW2  ZT(`iep_rTL¥¦ n!uKf<w  jmakTr¥  oS 9-y5OLr3  XT(ckT"xckjsprfpKur¢RfRprieSuK2¢4T(Pu$`jspri
`jmufprf#vurieuKª
SUT(ckiejsx­T"a¡ckjsSucejpLfpr¦cePRTa¡gvRv<pLi¡c>  =M KJ MS5
e   W>%  ¥     ¥b}L}rO`}rOLR
0 yW2_)uriewRT"a"¥`o@GrrLr3 ! a¡ckjsSUuKckjsfRUckPT)akgRvRv4prikcpKu©npLjsaea¡pLf vRiepbxT>aka`jsu©ckPT µ ur¢<T"i¡ªd]`PurgwbT(i
¢<urakjsaurfw T`ckieT(SUT9uKsgRT"a" V  ? 
e7    r 
L      r   W 71   5Y
ML 
  >  5V   ¥ANONPNPNPQOR¥<}L,^dKR
0l9"W2*­T4iep_r¥LTf9CyL~K}3ï]`gRiogRfUvRikpL¢RsQ(SUTw T"a¡ckjsSUuKckjsprfUrh"prSUhceikjml/gRTr V  ? 
e7W  W  r 
ML     r   W 71   5w
L 
  >  rV   ¥ANOR R.R¥$9-y^9$bKLR
0l9592*­j qd¢4T(ma(¥ D2uKfw n%T"fR¥bGrrLr3D ! adcejSucejpLf«prZuïa¡gRvv<pLi¡c¤xgikLT `jsu7priywbT"ia¡ceuKckjmadcejsx"a(
H H5 H ¥   ¥L|:9$brdrd`
0l9>2*­jsiyuKiyw'¥!]F¦urfwïLuLxpr¢¦¥,nSGrrLrur3 ! /ceikT"SUT$urgT"a
uKf<wsgZururi)akT(iejsT"a)T"a¡ckjsSuceT"a)pK&v4prjsfLc
vikpbxT>akakT"a¢4prgRf<wRuKiejT>a(    W  <C  J      
       7 ¥     Gr3D¥L~5yb5Or}
0l9"W2*­jsiyuKiyw'¥F]'4urfw¬/urxpL¢,¥4n% ;KrLK¢a3 nikprqdT"xckjsprf9T"a¡ckjsSuceT"aZpKv4prjsfLc­vRiep`x(T"aea¡T>a¢4prgRf<wRuKiejT>a(
J     
       7W
 V
~ T  0/          ¥     9-3¥$99>|b
0l9(}52*­jsiyuKiyw'¥L]FrurfwULuLxpL¢,¥Kna;Krr}3 ! `ckieT(SUTuKsgRT"aurfw rT"ikfRT"bT"a¡ckjsSuckT>a2pKFv4prjsfLcvRikpbx(T"aea¡T>a
¢4prgfwRuKiejsT"a" H  M   4 V   ?  ? 
T2q      7 ¥   ¥@9$|K,&9"~rOR
Éæ%î,ÉËÊ
L1   	
   	  
L
0l9>|2*­jsiyuKiyw'¥]Furfw Y9T(ffRTceT"uKg¦¥}GKLK}J3 ,jsSjcckPT(prieT(SapLiUakSUp`pKckPT"w«T`ckieT(SUTuKsgRT"a
T>adcejSuKckT"a&pr!v4prjsf/c&vikpbxT>akakT"a¢4prgRf<wRuKiejT>a( J      
       7
 V 
~ a  Z/          ¥cepuKvRv4T"uri"
0l9"~W2VgZuKsG¥`ns¥`VXgaea¡¢urgRS¥bY#/urfw ]/ceT(ief,¥R]F ! $ 9Cyryd53 p fckPTXT"a¡ckjsSucejpLf¤pK¦u©a¡gRvv<pLi¡c&xgRierTpr
jsfwbT(ckT"ikSUjsfuceTa¡PurikvfRT"aea( J   
e>W OM  
  ¥  E ¥Kr},brLR
0l9PdP2VgZuKsG¥Ln¥`n2uKie F¥# ­LW/uKfw]/ceT(ief,¥b]F ! & 9-y5y5O3 p fv4prs_`fRprSUjmuKRT>adcejSuKckpriyapKFieprf/ckjsT(iya2uKf<w
¢4prgfwRuKiejsT"a" J0   
e>  M  
 2P  ¥   ¥adJ9:y5O
0l9COW2Vg KiywbsTr¥  s¥}gZuKsG¥Zn%urfw ]`jsSuKi>¥X* 9-y5y/|53 àceT(iyuckT>w¢4p/prcea¡ckiyuKv jckP uKvRvRsjmx(ucejpLfckp
ieprf/cejT"iSpbwbT"sa" J V     >-32+M  
  ¥  ¥<~rTd~
0l9CyW2Vg KiywbsTr¥  s¥Kn2uKie F¥< ZKWruKf<w©O%a¡_`¢ur rpF¥ Q < ­^ 9-y5y/|53 ! a¡ckjsSuckjsprfpKFuXfprfUa¡Purikva¡gvRv<pLi¡c
¢4prgfwRuKiejsT"a" J0   
e>  M  
 2P  ¥     ¥KL|b^9COR
0ºKW2VgZuKiywb_r¥ Q RuKfwturaeakprf,¥b< n@ 9-y5O/53 WfRT)fRpLgRrT"sT)uKvRvRiepbxyPRT)wbT"avRiepr¢RsQ(SUT>awRT)x(suLakakj<x(uKª
cejpLf9uKgbceprSucejsl/gRTL    71  w M  W
82P r   T  ¥   ¥R}T9$b|r~R
0º:92VgZuKikckjsLurf,¥b Q "f9CyJdK|53G 
    Z/ M}
 /  )%J  jssT(_r¥   PRjsxyPT"a¡ckT(i>
0ºr2)/urx(pr¢,¥$nrurfw©]`g<lLgTc"¥rn%^f9CyryL|53 ! a¡ckjsSuckjsfR­ckPTT>wbrTpK4uXnprjmaea¡pLfvRiep`x(T"aea¦¢`_
pLi¡cePRprLprfur
akT(iejsT"a" J     W
      W 7AW
 V
~ T  Z/          ¥    ¥^9>| RKr}
0ºKW2 )fjLPLc>¥ U@Grr^9P3¦jSUjckjsfR¤wbjmadceikjs¢RgbcejpLfa&pK%jsfRT"uri&vRikpLriyuKSUSUjfT"a¡ckjsSucepriya( H `ckieT(SUT>a(¥
  Gr3D¥TOJd-9"r
0º}52 ZpriepLa¡ckT"T"F¥ Q  nRuKf<wO%a¡_`¢ur rpF¥ Q   Z@f9Cyryrr3 Y9jsfRjsSu ¤cePRT(pLik_pr¦jSurrT­ikT>xprf<adceikgxckjsprf,
jsf 9"  A     V     7 ¥   E ¥<]`vikjsfRrT"i¡ª2T(iemuK¥`VT"	pLik F
0ºr|2)tpr¢R¢Rjsfa"¥Tg4uKfw9]`jsT(LSgRf<w'¥  ©" 9-ydJ9P3 Q xpLf/LT(ierT"fxTXckPRT"prieT(SpLifRprfRª;fRT"LuKckjsrT
uKsSUpLa¡c
akgRv4T(ieSuKikckjsfRLurT>a­urfwïa¡pLST¤urvRvRsjsx"ucejpLfa( Íf J   
    /  VW   ,&X  0/  >%        7 Q x"urwbT"Sjmx­nieT"aea(¥RVXT( prie 4¥rr,br|d`
0ºK~W2)O%uKiyuraeakT(fR Lp¥¦o¥ gXu$_/ckpLf,¥%n%s¥   T(iefRT"urr¥V%uKfw  iyurwb_L¥!Y# 9CyryL|r3)VprT"¨cd_7wbTceT"xDcejpLfpri
cePRTjmwbT"fLcej¨4x(ucejpLf¬pKSuLakakT"ajsf SurSSUpLriyuKSa(Íf V   A  0/      )% MH$H     W  W W

 W      W M}  
   A
 w .x   	 ¥}r}//}L}Jd`¥   uKS©¢RikjmwbLTr
î!î¹ÐyÓ
r}       
	Ww 
  %%
 R " ³ ´ %K ³  
E ³   ´!b ° ¯ (  b ³   
  (  ¯   	  b °  ¯  > 
   
   ¯  >  








































































































































Unité de recherche INRIA Rhône-Alpes
655, avenue de l’Europe - 38334 Montbonnot Saint-Ismier (France)
Unité de recherche INRIA Futurs : Parc Club Orsay Université - ZAC des Vignes
4, rue Jacques Monod - 91893 ORSAY Cedex (France)
Unité de recherche INRIA Lorraine : LORIA, Technopôle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France)
Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rocquencourt : Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)
Unité de recherche INRIA Sophia Antipolis : 2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)
Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)  	


  
ISSN 0249-6399
